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We shall present our approach to the problem in the setup of a Riemannian JV-ball (1) endowed with the generalized Poincare metric (2) ds = X(r)\dx\, λ(r) = (1 -r 2 ) a , aeR , where r=\x\,x= (x 1 , , x N ) . In [16] we proved that there exist bounded quasiharmonic functions on B a if and only if ae (-1,1/(N -2) ). We shall now show that this in turn is necessary and sufficient for the boundedness of an explicitly constructed function s(r), given in No. 3 below. Thus the boundedness of this single function characterizes the existence of bounded quasiharmonic functions on B a .
We shall call, for brevity, a function radial if it depends on r only. A simple consequence of our result is that there exist bounded radial quasiharmonic functions if and only if there exist bounded quasiharmonic functions.
We expect that our approach is extendable to other classes of quasiharmonic and biharmonic functions as well, and to other Riemannian manifolds which are invariant under rotation. In particular, there exist negative radial quasiharmonic functions on every B a .
2. The proof of our main result will be divided into Lemmas For convenience in later calculation, we rewrite (4) in the form:
3. We are ready to give the function s(r) referred to in the introduction. Here and later X^ with n < m will mean 0. 
& 4 = -ί-Π Py + Σffi Π P* + ff* .
Proof. Substitution of (5) into (4') gives
On changing by unity the summation index in the coefficients of r 2ί+4 we obtain
We equate the coefficient of r 2 to 0 and have (6). The coefficient of r 2+2i for i > 0 gives in notation (8), (9) (10) bt = pΛ-i + ff* » which by induction yields (7).
4* We recall that we are only interested in ae (-1,1/(N -2) ), and we shall at this point introduce the condition a<l/(N-2).
To estimate 6< given by (7), we start with Up 3 . Let i 0 be any integer such that
Further conditions on i 0 will be imposed in the course of our reasoning. 5* To proceed with the estimation of b { we now utilize also the condition a > -1 and impose on % the additional requirement (13) % ^ 2(α + 1) .
In the sequel c will stand for a positive constant, not always the same hence (14).
6» We now come to the main step in estimating &,-. It will be necessary to consider separately the cases ae (-1/N, ί/(N -2) ), a --1/2, and αe(-l,0)-{-1/2}. (12) and (14) we have
For ae (-l/N,l/(N-2) ),
-α(iV -2) < 2(+ a) .
We therefore may and do require of % further that for j > % 
A bound for the last term in (16) is immediate by (14):
T7
We combine (16), (17), (19) , and (20), and obtain (15).
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LEMMA 6. For ae (-l,l/(N-2) ), the function s(r) of Lemma 2 is bounded quasiharmonic.
In fact, for ae (-1/N, 1/(N -2) ), all three exponents in (15) are > 1, and therefore (21) \s(r)\ = Σ hr 2
<=0
The case a = -1/2 is simple, as all q { = 0, and by (8 
T)
Since all exponents in (22)- (24) are > 1, it follows again by (16) and (21) that the function s(r) is bounded. 8* We have established our result:
THEOREM.
There exist bounded quasiharmonic functions on the Riemannian ball B a if and only if the function s(r) of Lemma 2 is bounded.
In fact, we know that there exist bounded quasiharmonic functions on B a if and only if a e (-1,1/(N -2)) ). This together with Lemma 6 gives the theorem.
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